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Drawing largely from my work with co–workers, I present arguments that strangeness does not
play an explicit role in compact-star matter. They are based on the skyrmion description of dense
matter combined with Wilsoninan renormalization group approach to kaon nuclear interactions.
The key idea is that quark degrees of freedom, carrying strangeness, can be traded in by topology
for hadron degrees of freedom.
I. INTRODUCTION
In a recent study of the structure of massive compact
stars [1], there was found to be no need to introduce
strangeness degrees of freedom, either hadronic or quark-
ish, in satisfactorily describing the EoS of compact-star
matter at high density. The framework resorted to an ef-
fective field theory approach anchored on certain symme-
tries “hidden” in QCD, namely, hidden local symmetry
associated with the vector mesons ρ and ω and hidden
scale symmetry associated with the scalar dilaton σ. No
symmetry associated with the s quark was taken into ac-
count. The question naturally arises as to whether it is
justified to simply ignore strangeness degrees of freedom
such as kaon condensation and/or hyperon presence at
the density relevant to the interior of massive compact
stars in confronting the recently observed ∼ 2-solar mass
stars [2, 3].
In standard chiral perturbation approaches in flavor
SU(3) as first considered by Kapan and Nelson [4] and
studied extensively as recounted in numerous reviews,
e.g., [5], the SU(3) chiral Lagrangian would predict, at
the mean field level, s-wave anti-kaons (referred to sim-
ply as kaons from here on) condensing at a relatively low
density, typically at ∼ 3n0. Such a low-density kaon con-
densation would have a large impact on a variety of as-
trophysical phenomena including possible low-mass black
holes [5]. The recent discovery of ∼ 2 solar-mass compact
stars [2, 3] raised the poignant issue as to whether such
kaon condensation – and equally hyperon presence, trig-
gering softness in the EoS as naively suspected, are not
unequivocally ruled out by the observed massive com-
pact stars. Indeed, the verdict pronounced in [2] was
that one of the manifestation of strangeness, namely, the
kaon condensation, is ruled out by the observation.
So the question raised is: Is the discovery of ∼ 2-solar-
mass stars the smoking-gun signal for the death of kaon
condensation or equivalently of hyperons in compact star
matter?
There are a variety of scenarios in the literature, either
invoking or not – up-to-date unestablished – repulsive in-
teractions in strange-flavor channels, that claim that the
so-called “strangeness problem,” both hyperon problem
and kaon condensation problem, can be avoided. It is fair
however to say that up to date, given the paucity of ex-
perimental information and consistent theoretical tools,
there are no generally acceptable scenarios. Thus this
issue remains a totally open problem to be resolved.
I would claim that the verdict pronounced in [2],
though it cannot be ruled out, is however too premature
at present given the large uncertainty in the theoretical
treatment of strangeness in dense matter. The theoret-
ical results the conclusion made in [2] is drawn from is
based on naively attaching tree-order chiral Lagrangian
treatments of kaon-nucleon interactions to correlated nu-
clear dynamics, both treated separately at a vastly dif-
ferent level of sophistication and with no feedbacks be-
tween the two, which could play a crucial role. Given the
preeminent role of the scalar- and vector-meson degrees
of freedom in the EoS for matter at density n ∼> 2n0
as described in [1], which is not taken into account in
the conventional treatment of kaon condensation, such
a hasty verdict should not be taken seriously. As I will
argue below, the situation can be a lot subtler than one
would summarily think. In fact, there is an indication
known since a long time that a unified treatment of both
meson and baryon sectors treated on the same footing is
necessary for a reliable description. For example, when
strongly repulsive short-range correlations among the nu-
cleons are suitably taken into account, the naive chiral
perturbative estimate can be qualitatively wrong [6]. In-
deed the repulsion operative in the nuclear sector, well
recognized in nuclear dynamics, is of the same origin as
the attraction between kaons and nucleons responsible
for boson condensation and is found to push the conden-
sation threshold density way beyond the density relevant
for compact stars. This indicates both the baryon sector
and meson sector and their interconnections, i.e., back-
reactions, must be treated consistently. To the best of
my knowledge, such a consistent treatment has not been
done up to date.
Within the formalism adopted in [1], it should be in
principle feasible to approach the problem with the same
VlowkRG employed for two flavors, generalized to three
flavors, say, V
SU(3)
lowk RG. It should rely on Vlowk’s in cou-
pled channels involving hyperons and kaons. The proce-
dure, although complicated and perhaps even daunting,
should however be straightforward. The proper treat-
ment will require Vlowk’s in the octet baryon sector, octet
pseudo-scalar sector and their couplings, suitably taking
into account what’s known as intrinsic density depen-
dence (IDD) in the effective Lagrangian inherited from
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2QCD [1]. Working this out to confront nature is however
beyond the present capability, mainly due to the paucity
of experimental information that does not allow the large
number of “bare” parameters (with IDDs endowed prop-
erly) of three-flavor scale-invariant HLS Lagrangian to be
adequately controlled. In what follows, I will work with
a drastically simplified version of the approach and try
to arrive at a qualitative confirmation that strangeness
via hyperons and kaons does not figure in compact-star
equation of state. For this I will first argue that kaon
condensation and hyperon presence, treated on the same
footing, appear at the same density in the large Nc limit
II. KAON CONDENSATION VS. HYPERONS
So far in the literature, the appearance of hyperons
and the onset of kaon condensation are treated sepa-
rately. With our Lagrangian implemented with both hid-
den gauge symmetry and scale invariance that I will re-
fer to as sHLS with baryons either explicitly included or
generated as skyrmions, they can be and must be treated
simultaneously. The observation mentioned above of the
effect of short-range correlation in the baryon sector on
kaon condensation [6] illustrates the import of this cor-
relation.
The first problem to resolve is whether kaons con-
dense before or after the appearance of hyperons in dense
compact-star matter. At present as far as I know, the
only way this problem can be addressed in a tractable
approximation in consistency with the basic premise of
QCD – such as large Nc – is the skyrmion description in
which both kaons and hyperons are treated with the same
Lagrangian. This matter can be addressed [7] in terms
of the successful Callan-Klebanov bound-state model [8].
In this model, anti-kaons K− are bound to the SU(2)
skyrmion to yield hyperons. It turns out that this model
can interpolate kaons between the chiral limit (mK → 0)
and the Isgur-Wise heavy-quark limit (mK →∞) [9], an
advantage in handling the kaon mass as it varies with
the vacuum change. The model can be applied to nu-
clear matter by putting skyrmions on crystal lattice [10].
It was shown [7] that put on a crystal lattice, the energy
difference between the lowest-lying hyperon Λ and the
nucleon N in medium comes out as
E∗Λ − E∗N = ω∗K +O(N−1c ) (1)
where the asterisk represents medium-dependence. Note
that the in-medium kaon mass is of O(N0c ) in the Nc
counting. It is fortunate that the leadingO(Nc) term and
the flavor singlet O(N0c ) Casimir energy term – which is
extremely difficult to calculate – cancel out in the differ-
ence.
Now, the Λs will appear in the compact star matter
when
µe ≥ E∗Λ − E∗N (2)
where µe is the electron chemical potential which is equal
to µn−µp in weak equilibrium. On the other hand, kaons
will appear by the weak process e− → K− + νe when
µe ≥ ω∗K = m∗K (3)
for the s-wave kaon. Therefore to the leading order in Nc
in QCD, hyperons and condensed kaons populate com-
pact stars simultaneously. Which one appears first in the
single Lagrangian description then depends on O(1/Nc)
hyperfine corrections, namely, when the skyrmion-kaon
system is rotationally quantized. A simple quasi-particle
approximation leads to
E∗Λ − E∗N = ω∗K +
3
8Ω∗
(c∗2 − 1) (4)
where Ω > 0 is the moment of inertia of skyrmion rotator
and c∗ is the in-medium hyperfine coefficient multiplying
the effective spin operator of strangeness -1. The coeffi-
cient c is highly model-dependent even in the matter-free
space [8], so it is unknown in dense matter except in the
large Nc limit and also in the chiral limit. In either or
both of these limits, c∗ → 1. In the matter-free space,
it is found to be c2 ∼ 0.5. Although presently there is
no proof, it seems likely that c∗2 < 1 in medium, ap-
proaching 1 from below near chiral restoration. If this is
the case, that would suggest that hyperons appear before
kaons condense and they ultimately join in the vicinity of
chiral restoration. It is however difficult to be more pre-
cise on this point since the effect is atO(N−1c ) and at that
order there are many other corrections, such as higher-
order nuclear correlations, that go beyond the mean-field
order, something that can be done in the three-flavor
Vlowk approach. In the absence of a realistic calculation
with kaon mass and 1/Nc corrections, it seems reasonable
to assume that kaon condensation and hyperons appear
at about the same density.
III. HYPERON PROBLEM
It will be shown below that kaon condensation will in-
evitably take place at some high density above n0. The
precise value for the density at which kaons start con-
densing cannot be pinned down theoretically unless a full
3-flavor VlowkRG analysis is performed. Here I develop
an argument based on a mean-field treatment of bsHLS
that hyperons may not destabilize massive stars. With
the possibility that kaons condense at about the same
density as discussed above, the same will apply to this
process.
It is easy to see by simple energetic considerations that
hyperons could be present at high density in compact-
star matter. Specifically, the lowest-lying hyperon Λ,
with its attractive interaction, is estimated to appear at
matter density ∼ 2n0 with the others possibly appearing
at higher density. This suggests that the hyperons could
appear at about the same density as the one at which
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FIG. 1. Tadpole diagram for self-energies for the nucleon N
and the hyperon Λ in medium with the IDDs. The loop corre-
sponds to the nucleon scalar density ns = 〈N¯N〉 for coupling
to σ and the nucleon number density n = 〈N†N〉 for coupling
to ω.
the half-skyrmion phase appears in the skyrmion mat-
ter [1]. If this were the case, then the prediction made in
[1] would make no sense without the hyperonic degree of
freedom duly taken into account.
In an admittedly phenomenological, but sophisticated,
study using a Monte Carlo simulation over parameters
that enter in the EoS for symmetric and asymmetric
nuclear matter such as the compression moduli K and
L, symmetry energies Esym and E
Λ
sym = SΛ, Bedaque
and Steiner obtain the range of density ∆ constrained by
hydrodynamic stability of the system that ensures that
stars with M > 2M could be supported [11]. The ∆
is then the range of density within which the in-medium
Λ mass should become greater than the vacuum value.
One expects – and it is confirmed experimentally – that
the Λ-nucleon interaction is attractive at normal nuclear
matter density, so Λs could be bound in nuclear matter.
In compact star matter, as density increases, the chem-
ical potential difference between neutron and proton in-
creases, and it can become energetically favored to have
spontaneous creating of hyperons in the system. This can
happen when density reaches roughly twice the normal
nuclear matter density. The instability that could be gen-
erated by the presence of hyperons at such low density is
the “hyperon problem.” The ∆ then stands for the range
of density at which the Λ-interactions must be repulsive
enough to make the in-medium Λ mass be greater than
the vacuum mass. The analysis by Bedaque and Steiner
establishes that the range of ∆ required is 1 < ∆/n0 ∼< 3.
This range will be referred to as “Bedaque-Steiner con-
straint.”
One can address this problem using the single-
decimation RG procedure [12] as an approximation to
V
SU(3)
lowk RG. One can take the mean-field approximation
with the three-flavor baryonic bsHLS endowed with the
IDDs – assumed to be SU(3) symmetric for a quali-
tative treatment – as equivalent to Fermi-liquid fixed
point theory. This approach has been shown to be sur-
prisingly successful for two-flavor systems [13], e.g., the
anomalous gyromagnetic ratio in heavy nuclei δgl [15],
the “quenched gA problem [14] etc., so it is hopeful that
it can give a trustful result in this three-flavor problem.
In the mean field, the chemical potential for the Λ in
medium gets contributions from two sources, one from
the IDD in the “bare” mass parameter m∗Λ ≈ ΦmΛ and
the other from the potential terms coming from Λ-nuclear
coupling via σ and ω exchanges as depicted in Fig. 1,
µΛ = m
∗
Λ −
g∗σΛg
∗
σN
m∗ 2σ
ns +
g∗ωΛg
∗
ωN
m∗ 2ω
n (5)
where ns and n are, respectively, nucleon scalar density
and nucleon number density as defined in Fig. 1. The
notations for (σ, ω) coupling to Λ and N are self-evident.
The asterisk stands for IDD-scaling parameters.
FIG. 2. µΛ−mΛ vs. n/n0 calculated with the scaling param-
eters determined in the theory and summarized in [1]. The
demarcation density was chosen for n1/2 = (1.5, 2.0)n0. The
density at which the mass shift crosses zero corresponds to ∆
of [11].
Apart from the Λ coupling to the mesons, the large
cancelation between the dilaton (σ) attraction and the
vector (ω) repulsion responsible for small binding energy
for nuclear matter must take place also in this case. In
fact, using the standard constituent quark (equivalent to
quasi-quark) counting, we may take gσΛ ≈ 23gσN and
gωΛ ≈ 23gωN , the 2/3 factor accounting for the two non-
strange quarks in Λ vs. 3 in nucleon. Then
µΛ = m
∗
Λ +
2
3
(
− g
∗ 2
σN
m∗ 2σ
ns +
g∗ 2ωN
m∗ 2ω
n
)
. (6)
To make a numerical estimate of the Λ mass shift in
dense medium, we take into account the IDD-scaling –
assuming flavor SU(3) symmetry – of the parameters in
the sHLS Lagrangian with baryons incorporated explic-
itly (call it bsHLS) in the mean-field calculation which
corresponds to the “single-decimation procedure” of [12].
In doing this, one should recognize that the scaling pa-
rameter cI in this procedure could well be different, i.e.,
renormalized, from the IDD coefficient entering into the
double-decimation procedure with Vlowk employed in [1]
addressed to compact stars. This is because in the single-
decimation procedure, the scaling function ΦI is related
to the Fermi-liquid fixed-point parameters as shown in
[15] and encodes certain nonperturbative quasi-particle
interactions on top of the IDD effects, termed “induced
4density dependence” or DDinduced in [13]– manifesting
scale-chiral symmetry.
The result is plotted in Fig. 2. We see that µΛ −mΛ
crosses zero at a density 1.5 < n/n0 < 2.0. The result
is insensitive to the demarcation density for the regions.
In fact what comes out in the mean field in bsHLS1 is
quite easy to understand. Since m∗Λ stops dropping with
f∗σ stabilizing at 2n0, what matters is the interplay of
the ratio ( g
∗
m∗ )
2 for the scalar and vector mesons – with
an opposite sign – multiplied, respectively, by the scalar
density ns and by the baryon number density n. The
vector repulsion wins over the scalar attraction as den-
sity increases in the same way as it does in nuclear mat-
ter. Although the estimate is admittedly approximate –
and it could be done much more realistically in the Vlowk
approach used above, that the BS constraint [11] is met
is most likely robust. We conclude from this that within
the formalism developed in [16] and with the prescription
given in [11], the hyperon problem could be avoided. A
more definitive answer awaits a full V
SU(3)
lowk RG calcula-
tion.
An intriguing – and perhaps important – point to note
here is that the density involved corresponds more or
less to the skyrmion-half-skyrmion transition at n1/2 ∼
2n0 [1, 13] which corresponds roughly to the smooth
hadron-quark (or quarkyonic) transition in the model
where quark degrees of freedom (including strange quark)
are explicitly incorporated [17].
IV. KAON CONDENSATION PROBLEM
The mechanism that the discussion of hyperons vs.
kaons given above relied on was the binding of K−’s to
dense baryonic matter. There in the presence of beta
equilibrium, phase transitions were not involved. Un-
like hyperons, however, kaons can bose-condense at high
enough a density. In discussing the binding, what’s in-
volved in chiral Lagrangians is the leading chiral order
(LO) term known as Weinberg-Tomozawa (WT) term. In
the literature discussing on Λ(1405) with respect to KN
interactions, both free and bound in matter, it is this
leading-order (LO) term that plays the key role. This
term however turns out to be marginally irrelevant from
the RG point of view. More on this matter below. What
is relevant involves a scalar meson, i.e., the dilaton σ, the
pseudo-NG boson from spontaneously broken scale sym-
metry discussed in [1]. It is found that kaons condense
ultimately after the appearance of hyperons when the
dilaton condensate 〈χ〉 goes to zero, i.e., at the dilaton
limit fixed point [1]
1 We recall that here “mean field” endowed with IDDs goes beyond
what is used in the standard mean-field theory.
A. Kaons in skyrmion crystal
In the Callan-Klebanov model with which the issue of
hyperons vs. kaons was discussed, the topological Wess-
Zumino term played the dominant role. Viewed in terms
of the bsHLS Lagrangian, it is roughly equivalent to the ω
exchange term which when localized, corresponds to the
Weinberg-Tomozawa term in SχPT. But this interaction
is not the relevant interaction at high density. It is rather
the scalar dilaton that plays the crucial role in dense
matter at n > n1/2 ∼ 2n0.
Since we are primarily interested in qualitative
rather than numerically accurate features, one can use
the Skyrme model (skyrmionpi with Nambu-Goldstone
bosons only). Strangeness is involved, so we will deal
with three flavors with the topological Wess-Zumino term
included. The dilaton will be introduced in the way de-
scribed in [1, 13, 18]. Other heavy-meson fields, while
quantitatively relevant, are not expected to modify the
general features, so they will be ignored. The price to
pay for this simplification is that the density at which
the skyrmion-half-skrymion transition, which here again
will figure importantly, takes place will not be given re-
liably. I believe this does not affect the main argument.
Take the scale-chiral Lagrangian valid in the leading
order in scale symmetry (“LOSS”) as derived in [13, 19]
and given a support in [1, 14],
Lsk = f
2
4
(
χ
fσ
)2
Tr(LµL
µ) +
1
32e2
Tr[Lµ, Lν ]
2
+
f2
4
(
χ
fσ
)3
TrM(U + U† − 2)
+
1
2
∂µχ∂
µχ+ V (χ) (7)
where V (χ) is the dilaton potential, Lµ = U
†∂µU ,
with U the chiral field taking values in SU(3). One
ignores the pion mass for simplicity, so the explicit
chiral symmetry-breaking mass term is given by the
mass matrix M = diag (0, 0, 2m2K). In SU(3)f , the
anomaly term, i.e., the Wess-Zumino term, SWZ =
− iNC240pi2
∫
d5xεµνλρσTr (LµLνLλLρLσ), turns out to play
a crucial role in our approach:
Now consider the fluctuation of kaons in the back-
ground of the skyrmion matter u0
U(~x, t) =
√
UK(~x, t)U0(~x)
√
UK(~x, t), (8)
UK(~x, t) = e
i√
2fpi
 0 K
K† 0

, U0(~x) =
(
u0(~x) 0
0 1
)
.
(9)
Substituting (8) into (7) and the Wess-Zumino term, one
gets the kaon Lagrangian in the background matter field
5u0(x)
2
LK =
(
χ0
fσ
)2
K˙†GK˙ −
(
χ0
fσ
)2
∂iK
†G∂iK
−
(
χ0
fσ
)3
m2KK
†K
+
1
4
(
χ0
fσ
)2 (
∂µK
†V µ(~x)K −K†Vµ(~x)∂µK
)
,
+
iNc
4f2pi
B0
(
K†GK˙ − K˙†GK
)
. (10)
where χ0(~x) is the classical dilaton field and
Vµ(~x) =
i
2
[(∂µu
†
0)u0 − (∂µu0)u†0], (11)
G(~x) =
1
4
(u0 + u
†
0 + 2), (12)
Bµ(~x) =
1
24pi2
εµνλσTr
(
u†0∂νu0u
†
0∂λu0u
†
0∂σu0
)
.(13)
In the spirit of mean field approximation, the space aver-
age is taken on the background matter fields u0 and χ0,
obtaining
LK = α(∂µK†∂µK) + iβ(K†K˙ − K˙†K)− γK†K (14)
where
α =
〈
κ2G
〉
, β =
Nc
4f2pi
〈
B0G
〉
, γ =
〈
κ3G
〉
m2K (15)
with κ = χ0/fχ. Lagrangian (14) yields a dispersion
relation for the kaon in the skyrmion matter as
α(ω2K − p2K) + 2βωK + γ = 0. (16)
Solving this for ωK and taking the limit of pK → 0, one
gets
m∗K ≡ lim
pK→0
ωK =
−β +
√
β2 + αγ
α
. (17)
This equation will be used for evaluating the in-medium
effective kaon mass.
The key element in Eq. (14) for the kaonic fluctua-
tion is the background u0 which reflects the “vacuum”
modified by the dense skyrmion matter. The classical
dilaton field tracks the quark condensate affected by this
skyrmion background u0 that carries information on chi-
ral symmetry of dense medium. Our approach here is to
describe this background u0 in terms of crystal configu-
ration. The pertinent u0 has been worked out in detail
in [20], from which we shall simply import the results
for this work. As shown there, skyrmions put on an
FCC – which is the favored crystal configuration – make
2 Recall that this background-dependence is supposed to effec-
tively mock up the IDDs.
FIG. 3. m∗K± vs. n/n0 (where n0 ' 0.16 fm−3 is the normal
nuclear matter density) in dense skyrmion matter which con-
sists of three phases: (a) 〈q¯q〉 6= 0 and f∗pi 6= 0, (b) 〈q¯q〉 = 0
and f∗pi 6= 0 and (c) 〈q¯q〉 = 0 and f∗pi = 0. The parameters are
fixed at
√
2efpi = mρ = 780 MeV and dilaton mass mσ = 720
MeV.
a transition at a density n1/2 to a matter consisting of
half-skrymions. With the parameters of the Lagrangian
picked for the model, we find n1/2 ∼ 1.3n0 but this is
not significant. As noted before, the reasonable range of
density range is n1/2 ∼ (2− 3)n0.
We now discuss the results given in Fig. 3 in some
detail.
The results are given for the dilaton mass mσ ≈ 720
MeV. The dilaton mass is currently known neither exper-
imentally nor theoretically. It is taken as mσ ≈ 720 so as
to give ∼ 600 MeV in nuclear matter consistent with the
Fermi-liquid description of nuclear matter implementing
IDDs [21]. The density at which the half-skyrmion mat-
ter appears turns out to be more or less independent of
the dilaton mass [20]. In fact, the n1/2 is entirely dictated
by the parameters that give the background u0 (for which
the hidden local symmetric mesons cannot be ignored).
For the skyrmion background,
√
2efpi – which is the vac-
uum ρ mass at tree order– can be taken to be ∼ 780 MeV
which fixes e for the given fpi ≈ 93 MeV. What is con-
trolled by the dilaton mass are the density at which the
dialton condensate vanishes together with the pion de-
cay constant, i.e., the dilaton limit fixed point and more
significantly, the rate at which the kaon mass drops as
density exceeds n1/2.
What is novel in this model is that the behavior of the
kaon is characterized by three different phases, not two as
in conventional approaches. In the low density regime up
to ∼ n1/2, the kaon interaction can be described by stan-
dard chiral symmetry treatments. For instance, the bind-
ing energy of the kaon at nuclear matter density comes
out to be ∼ (80 − 100) MeV for mσ = 720 MeV. Go-
6ing above n1/2, however, as the matter enters the half-
skyrmion phase with vanishing quark condensate (on av-
erage) and non-zero pion decay constant, the kaon mass
starts dropping more steeply. This form of matter arising
from the skyrmion-half-skyrmion transition involving the
dialton condensate – which is undoubtedly highly non-
perturbative missing in SχPT – is not captured by the
Weinberg-Tomozawa term. Finally at nc at which both
the quark condensate and the pion decay constant vanish,
the kaon mass vanishes. This corresponds to the dilaton
limit fixed point mentioned above. This happens in this
model at density ≈ 4.0n0 – which is clearly much too low
– for the dilaton mass mσ = 720 MeV. The reason for
this is that the dilaton condensate, 〈χ〉, vanishes at the
dilaton limit fixed point. This means that “kaon con-
densation” in symmetric nuclear matter takes place at
the point at which the scale symmetry associated with
the soft dilaton is restored. In the realistic treatment
given in [1], it was found that the vector manifestation
fixed point and the dilaton limit fixed point are to arrive
at n >∼ 10n0. Therefore this anomalous behavior of
the kaon mass at the skyrmion-1/2-skyrmion transition
must take place at a much higher density than what’s es-
timated in the simple model given above. In fact this ob-
servation will be supported in the renormalization-group
treatment given below.
B. Kaons in Fermi liquid
The crucial role of the dilaton in the strangeness prob-
lem in dense compact stars could be unravelled in a
V
SU(3)
lowk RG treatment. In the absence of such a treat-
ment, we look at a greatly simplified model that captures
essential ingredients involved in the process.
The model is formulated as follows. Given that the
VlowkRG in two flavors employed in [1] is equivalent to do-
ing Landau-Fermi liquid theory with a bsHLS Lagrangian
endowed with IDDs as argued in [24], the formalism is
extended to three flavors. The key requirement is to ac-
count for both nuclear interactions in the Fermi liquid
and kaonic fluctuations on top in Wilsonian RG, tak-
ing into account kaon properties warped by the bary-
onic background in dense medium as indicated by the
result of Pandharipande et al. [6]. There are in principle
many terms in the action. The simplification consists of
localizing Vlowks in all three channels, namely baryon-
baryon, baryon-kaon and kaon-kaon. Assuming that the
process takes place in the half-skyrmion phase from which
kaons are to condense is in Fermi liquid, we then look at
the kaons coupling to the Fermi liquid via exchange of a
scalar dilaton that can be tuned to criticality (i.e., zero
mass). We ignore the effect of the electron chemical po-
tential [22] in this discussion. We write the simplified
Euclidean action for kaon-Fermi-liquid nuclear systems
in momentum space in the form [23]
Z =
∫
[dφ][dφ∗][dψ][dψ¯]e−S˜
E
(18)
with the actions
S˜E = S˜Eψ + S˜
E
φ + S˜
E
ψφ (19)
S˜Eψ =
∫
dd3~k
(2pi)4
ψ¯σ
{
−i+ (e(~k)− eF )
}
ψσ
−
∫ (
dd3~k
(2pi)4
)4
λψ¯σψ¯σ′ψσψσ′δ
4(, ~k) (20)
S˜Eφ =
∫
dωd3~q
(2pi)4
{φ∗(ω2 + q2)φ+m2φφ∗φ+ · · · } (21)
S˜Eψφ = −
∫ (
dd3~k
(2pi)4
)2(
dωd3~q
(2pi)4
)2
hφ∗φψ¯σψσδ4(ω, , ~q, ~k) .
(22)
where ψ and ψ¯ are the eigenvalues of Ψ and Ψ† acting
on |ψ 〉 and 〈 ψ¯∣∣, fermion coherent state,
Ψ |ψ 〉 = ψ |ψ 〉 and 〈 ψ¯∣∣Ψ† = 〈 ψ¯∣∣ ψ¯ . (23)
Although our notations for the fields are general as they
can apply to other systems like pions/nucleons and elec-
trons/phonons, we should keep in mind that we are spe-
cializing to the K− field for the boson and the non-
strange baryons, proton and neutron for the fermion.3
It is interesting that a same-type action figures in con-
densed matter physics. In fact, (19) is quite similar to
the action studied for quantum critical metals in [26] from
which we shall borrow various scaling properties for the
renormalization group.
We have taken here a local KN interaction which in
terms of our bsHLS Lagrangian can be interpreted as
arising from the exchanges of the dilaton and ω meson
with the mesons integrated out. Similarly we have taken
only one generic four-Fermi interaction. Hyperons could
figure in the Fermion sector but we will focus on nu-
cleons. Therefore huperon problem is not addressed di-
rectly. More realistically it would have various channels,
including the channels corresponding to the dilaton ex-
change and the ω exchange. The intricate interplay be-
tween the various channels, in particular the scalar and
vector channels, must play a crucial role in giving the
mechanism leading to kaon condensation. One notable
observation is that in the nucleon-nucleon interaction,
the attractive scalar exchange and repulsive vector ex-
change compete whereas in the KN interaction (where N
is a neutron) both are attractive and add. We will not go
into these intricacies here but just give a generic feature
3 An action similar to (19) was is studied in [25] except for the
bosonic action. The bosonic action used there is different from
(21) in that the system considered there was assumed to be a
compact-star matter in weak and chemical equilibrium (with the
boson approximated to satisfy a quadratic dispersion relation
is most likely incorrect for kaons) whereas here we are dealing
with relativistic bosons which could be tuned to criticality by
attractive KN interactions.
7of what a consistent treatment might mean in a simple
situation. Needless to say, this simple treatment cannot
possibly be truly realistic.
It is instructive to compare the constant h in (22)
with what is given in the standard chiral Lagrangian.
In terms of the chiral counting, the leading term (O(p))
is “Weinberg-Tomozawa-type” term, coming from the ex-
change of the ω meson and gives, for the s-wave kaon,
hWT ∝ q0/f2pi (24)
where q0 is the fourth component of the kaon 4-
momentum and the next chiral order (O(p2)) term is the
“KN sigma-type” term
hΣ ∝ ΣKN/f2pi (25)
which can be thought of arising from a scalar meson ex-
change. In our approach, both terms can be considered as
resulting from integrating out the “heavy” mesons from
the bsHLS Lagrangian.
We should stress that the fermion ψ is a quasiparticle
field in Fermi-liquid near its fixed point, so the coupling
h encodes more than just the “bare” couplings in the
bsHLS Lagrangian. This point was made in [27]. For
convenience, we shall use these chiral Lagrangian terms
for identifying the two terms contributing to h. It should
be remembered that they are not the same.
As written, the action for the fermion system (20) is for
a Fermi liquid with marginal four-Fermi interactions [28].
So the energy-momentum of the quasiparticle (fermion)
is measured with respect to the Fermi energy eF and
Fermi momentum kF . The bosonic action is for mas-
sive Klein-Gordon field, which later will be associated
with a pseudo-Goldstone field, with higher-field terms
ignored. In contrast to that of the quasi-particle, the bo-
son energy-momentum will be measured from zero. We
would like to look at meson-field fluctuations on the back-
ground of a fermionic matter given by the Fermi-liquid
theory. The Fermi-liquid structure is expected to be valid
as long as N ≡ kF /Λ¯ 1 where Λ¯ = Λ− kF where Λ is
the (momentum) cutoff scale from which mode decima-
tion – in the sense of Wilsonian – is made. For nucleon
systems, the action (20) gives the nuclear matter stabi-
lized at the fixed point, Landau Fermi-liquid fixed point,
with corrections suppressed by 1/N [28]. The four-Fermi
interactions and the effective mass of the quasiparticle
are the fixed-point parameters. We expect that as long
as N  1, the Fermi-liquid action can be trusted even
at higher densities than n0. Recall that the skyrmion-
half-skyrmion “transition” which figures importantly is
not a phase transition in the sense of Ginzburg-Landau-
Wilson paradigm. This is because the half-skyrmions are
confined4 although their presence makes a dramatic im-
pact on the EoS.
4 That half-skyrmions are confined in the strong interactions via
monopoles is suggested in [29].
For simplicity, we shall assume a spherically symmetric
Fermi surface in which case we can set for the quasipar-
ticle momentum
~k = ~kF +~l ≈ Ωˆ(kF + l). (26)
Then for Λ¯ kF , we have
e(k)− eF ≈ ~vF ·~l +O(l2) (27)
where vF is the Fermi velocity vF = kF /m
?
L with m
?
L the
effective quasiparticle (Landau) mass.
1. Scaling
To do the Wilsonian decimation, we need to set the
cutoff scale Λ at which the classical action has bare pa-
rameters. Quantum effects are taken into account by do-
ing the mode elimination by lowering the cutoff from Λ to
sΛ with s < 1. The important point to note here is that
the boson and fermion fields have different kinematics.
While the boson momentum is measured from the ori-
gin – and hence the momentum cutoff is Λ , the fermion
momentum is measured from the Fermi momentum kF .
Therefore the mode elimination for the fermion involves
lowering the fermion momentum from Λ¯ = Λ−kF to sΛ¯.
As noted above, the strategy in the fermion sector is to
take the large N limit where N ≡ kF /Λ¯.5
We define the scaling laws of fields and other quanti-
ties like the delta functions by requiring that the kinetic
energy terms of the fermion and the boson be invariant
under the scaling
→ s, ω → sω, l→ sl, ~q → s~q. (28)
Only the fermion momentum orthogonal to the Fermi
surface scales in the way the fermion energy and all com-
ponents of the boson momentum do. Since the quasipar-
ticle mass m?L is a fixed-point quantity, the Fermi velocity
does not scale. Therefore we have the fields scaling as
φ→ s−3φ,
ψ → s−3/2ψ , (29)
for which we denote the scaling dimensions as [φ] = −3
and [ψ] = −3/26 and the meson mass term scales∫
dωd3q m2φφ
∗φ→
∫
dωd3q m2φs
−2φ∗φ =
∫
dωd3q m′ 2φ φ
∗φ,
(30)
5 We remind the readers that the larger the kF or density, the
more Λ¯ shrinks, which would mean that the large N argument
would hold better in the fermion sector as the density increases.
This suggests that the mean field approximation with effective
Lagrangians – chiral Lagrangian or hidden local symmetry La-
grangian – would get better the higher the density.
6 This notation will be used in what follows.
8with m′φ ≡ s−1mφ. This shows the well-known fact that
the meson mass term is “relevant.” Using the procedure
of scaling toward the Fermi surface, we have
[dd3k] = 2, [δ(, k)] = −2 . (31)
This confirms that the four-Fermi interaction term in (20)
is marginal.7
The scaling of the coupling term (22) is more subtle.
Using the scaling dimensions
[φ] = −3, [ψ] = −3/2, [dd3~k] = 2, [dωd3~q] = 4,(32)
we find the scaling of the integrand Iψφ of the action (22)
written as
∫
Iψφ is
[Iψφ] = 3 + [h] + [δ(ω, , ~q,~k)], (33)
where the bare coupling constant h will have the scaling
dimension [hWT ] = [q0] = 1 and [hΣ] = 0. The ψφ
coupling will be “relevant” if [Iψφ] < 0, marginal if = 0
and “irrelevant” if > 0. It is thus the scaling of the delta
function that determines the scaling of the coupling h.
It will follow from arguments based on bsHLS devel-
oped so far that the δ function scales as
[δ(ω, , ~q,~k)] = −4. (34)
This then leads to
[Iψφ]hWT = 0, [Iψφ]hΣ = −1. (35)
Thus the Weinberg-Tomozawa (WT)-type coupling is
marginal, while the sigma-term-type coupling is relevant.
The one-loop contrition to the former turns out to be
irrelevant[23], so the WT-type term is marginally irrele-
vant.Therefore one can focus on the latter.
Briefly the scaling (34) is arrived at as follows. (For
details, we refer to [23].)
First note that the KN coupling giving rise to (22) dif-
fers from that leading to the four-Fermi interaction (20)
by that one of the two ψψφ vertices in the former is re-
placed by a KKφ vertex. Within the scaling rule we
adopt, the ψψφ vertex is marginal but the KKφ vertex
is relevant. All other quantities are the same. Since in
our approach, we want the four-Fermi interaction to re-
main marginal so that the baryonic matter remains in
Fermi liquid, we need to enforce that the presence of the
φ field leave unaffected the marginal four-Fermi inter-
action. This is achieved by assigning a definite scaling
property to the φ propagator. By imposing this scaling
condition on the φ propagator that figures in the KN-KN
interaction, one sees immediately that the Σ-term type
KN coupling in (22) must be relevant. This is simply
because the KKφ vertex is relevant. One can verify this
result by an explicit counting of the scalings involved in
the Feynman diagrams [23].
7 For two or three spatial dimensions, this applies to only forward
scattering and BCS-type scattering. Others are marginal.
The same simple counting rule shows that the WT
term should be marginal. For this, simply replace the
ψψφ vertex of the scalar-exchange term by a ψψω cou-
pling and the KKφ vertex by a q0KKω vertex, which
amounts to replacing a marginal coupling by a marginal
coupling and a relevant coupling by a marginal coupling.
The net result is marginal because q0KKω vertex is
marginal.
2. Wilsonian renormalization group
We are interested in the flows of the kaon mass and the
kaon-nucleon coupling and the effect of kaon condensa-
tion on the Fermi liquid structure of the baryonic system.
For this we need the scaling properties of the diagrams.
At tree order, we have
h′ = s−1 h , (36)
i.e., relevant as found above. The kaon mass scaling is of
course relevant,
m′ 2φ = s
−2m2φ. (37)
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FIG. 4. One-loop graphs contributing to h. The process
corresponds to f(ermion) (,~k)+ m(eson) (ω, ~q)→ f(ermion)
(′′,~k′′)+ m(eson) (ω′′, ~q′′).
fermion 
meson 
FIG. 5. One-loop graph contributing to mφ.
At one-loop order, there are two diagrams, Figs. 4,
contributing to h and one diagram, Fig. 5, to mφ. The
one-loop graph Fig. 5 contributing to the φ mass is easy
to evaluate. By decimating from Λ¯ to sΛ¯ in the nucleon
loop, we get∫
dωd3~q
(2pi)4
φ∗φs−2
[
−m2φ +
γhk2F
2pi2
∫
sΛ¯<|l′|<Λ¯
dl′ |sgn (l′)|
]
,
(38)
9where γ is the degeneracy factor for flavor (=2) and spin
(=2): γ = 4 for nuclear matter and γ = 2 for neutron
matter. It follows from above that
δ
[
m2φ
]
= s−2
[
m2φ −
γhΛ¯k2F
pi2
(1− s)
]
−m2φ . (39)
As for the loop contribution to the hφφψψ coupling,
it turns out that the two diagrams (a) and (b) of Fig. 4
are related to each other. And they are down by 1/N
relative to the tree term. Furthermore both are found
to vanish [23]. Therefore to one-loop order the matter
becomes very simple.
3. Flow analysis
From what’s discussed above, it is straightforward to
write down the RGEs. Setting t ≡ − ln s,
dm2φ
dt
= 2m2φ −Ah , (40)
d h
dt
= h−B h2 , (41)
where
A =
γk2F Λ¯
pi2
=
γk3F
Npi2
, (42)
B = 0 . (43)
It is easy to get the analytic solutions for mφ and h
m2φ(t) =
(
m2φ(0)− h(0)A
)
e2t + h(0)Aet , (44)
h(t) = h(0)et . (45)
Given the analytic solution, we can work out how m2φ
and h flow as t increases (s decreases) for given values of
A, h(0) and m2φ(0). From Eqs. (44) and (45), we have
the relation,
m2φ(t)−Ah(t)
[h(t)]
2 =
m2φ(0)−Ah(0)
[h(0)]
2 , (46)
which is satisfied for any value of t. It is convenient to
introduce the new parameter cah which is independent of
t,
c ≡ m
2
φ(0)−Ah(0)
[h(0)]
2 . (47)
The quantities at t = 0, i.e., m2φ(0) and h(0), are given
at s = 1, that is, at the scale from which the decima-
tion starts for a given kF . These parameters in the bare
action – and the parameter c – depend only on density.
Since the flow depends on c, the RG properties of dense
medium depend on the density dependence of the param-
eters of the bare chiral Lagrangian at the scale Λ. This is
equivalent to the IDD that is obtained in relativistic mean
FIG. 6. RG flows of the parameters, m2φ(t) and h(t), are
shown in the parameter space. The lines are drawn with the
fixed value of A and for different c’s. The black solid line
stands for the “critical line (or surface)” that delineates the
parameter spaces.
field treatment of effective Lagrangians of the HLS-type
which is again equivalent to Landau Fermi-liquid theory.
Now using Eqs. (46) and (47), we readily obtain
m2φ(t) = ch(t)
2 +Ah(t). (48)
The flows mφ(t) vs. h(t) are plotted in Fig. 6 for various
values of cah that depend on kF /Λ¯. We note that m
2
φ(t)
flows toward zero and becomes negative for c < 0. This
signals the instability toward kaon condensation. What
happens after the condensation is a matter that goes be-
yond the model. It could be stabilized by terms higher
order in the kaon field not taken into account in our anal-
ysis.
The conclusion is that only the mφ(0) and h(0) that
satisfy
m2φ(0) < Ah(0) (49)
will be in the parameter space for the condensation to
take place. The value c = 0 defines the critical line in
the h(t)−m2φ(t) plane, any point on which the parameters
flow from the origin satisfying
m2φ(t) = Ah(t). (50)
Note that in the RG flows of mφ(t) and h(t), as t goes
up, the attractive interaction gets stronger.
4. Instability toward the condensation
Although one cannot determine the critical density at
which kaons condense from the RG flow analysis, it is
nonetheless feasible to indicate whether and how the con-
densation can take place. This can be done by looking
at the “parameter window” that signals the instability
toward condensation.
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At some density, according to the values of c, the RG
flows of m2φ and h(t) will follow certain of the flow lines
in Fig. 6. If the value of c is changed by changing kF to
k′F , the RG flow of m
2
φ and h(t) follows from the line (in
kF ) to the line (in k
′
F ). By locating the sign change of
m2φ(0)−Ah(0) , (51)
one can then locate the density at which the phase is
moved to the region that signals the instability toward
the kaon condensation. While this argument does not
allow to pinpoint what the condensation density can be,
it nevertheless can give the lower bound of the critical
density. Let’s use Eq. (49) to make this estimate. The
sign change of c takes place when
n ≡ γ k
3
F
6pi2
=
N
6
m2φ(0)
h(0)
. (52)
What this says is that since the better the quasiparticle
picture is in the baryon sector which would be the case
the larger N is, the higher the critical density nK . This
indicates that since the half-skyrmion phase, as argued, is
very likely in Fermi liquid at its fixed point [1], if kaons do
condense from the half-skyrmion phase which sets in at
n ∼> n1/2 ∼ 2n0, nK will inevitably be high. In compact
stars in beta equilibrium, the electron chemical potential
µe that increases with density, would help reduce nK
but the qualitative result obtained is not expected to be
modified seriously.
Just to have an idea of what sort of density range is
involved, let me take h(0) = ΣKN/f
2 from chiral La-
grangian. This is just to get a rough idea since the pa-
rameter h should in our formulation represent coupling of
a kaon on top of the Fermi sea to a quasiparticle warped
by the background, both IDD and DDinduced, which of
course could be quite different from ΣKN/f
2. From (52),
replacing φ by K and f by fpi, we find the condensation
density nK bound by
nK >
N
6
m2Kf
2
pi
ΣKN
. (53)
For numerical estimation, take mK ≈ 500 MeV and
ΣKN ≈ 250 MeV using a recent lattice measurement for
ΣKN [31]. This gives at the Fermi-liquid fixed point
nK > Nm
3
pi/3 ≈ Nn0 →∞. (54)
In order to have an idea what N is, let’s take the cutoff
used in the VlowkRG approach applied in [1]. The optimal
cutoff turns out to be Λ ∼ (2 − 3) fm−1 [30]. If one
takes Λ ∼ 2 fm−1, then in the half-skyrmion phase that
sets in at n ∼> 2n0, N = kFΛ−kF ∼> 5n0. This means
once the half-skyrmion state sets in, the system rapidly
moves towards the Fermi-liquid fixed point (with zero
beta function). In the density range (6 − 7)n0 relevant
to the interior of massive compact stars, we will have
1/N ∼ 0. This implies that the condensation density nK
will be pushed way beyond the maximum interior density
of massive stars.
V. CONCLUSION
Combining the skyrmion description of dense mat-
ter with possible smooth hadron matter-quark matter
transition traded in for topology change at a density
n ∼ (2− 3)n0 and an Wilsonian RG analysis of coupled
baryon-meson systems in dense medium, I argued that
(1) hyperons and condensed kaons must appear simul-
taneously in the large Nc limit and (2) kaon condensa-
tion is banished to very high density beyond the density
relevant to the interior of massive compact stars. The
conclusion is that strangeness is unlikely to figure explic-
itly and cause the strangeness (hyperons and condensed
kaons) problem in compact stars.
I should mention a caveat here. The reasoning that
N is large in (54) relies on that the matter treated is
a good Fermi liquid. However the four-Fermi interac-
tion corresponding to a scalar exchange in (22), though
a fairly good approximation near normal nuclear matter
density [32], cannot be valid when the dilaton limit with
the vanishing dlaton mass is approached. In other words,
the Fermi-liquid structure must break down. What hap-
pens when this breakdown occurs is unknown. It is how-
ever most likely that the breakdown takes place at a den-
sity much higher than is relevant for compact stars. A
V
SU(3)
lowk calculation could settle this issue.
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